Abstract-This paper focuses on designing interval type-2 (IT2) control for nonlinear systems subject to parameter uncertainties. To facilitate the stability analysis and control synthesis, an IT2 Takagi-Sugeno (T-S) fuzzy model is employed to represent the dynamics of nonlinear systems of which the parameter uncertainties are captured by IT2 membership functions characterized by the lower and upper membership functions. A novel IT2 fuzzy controller is proposed to perform the control process, where the membership functions and number of rules can be freely chosen and different from those of the IT2 T-S fuzzy model. Consequently, the IT2 fuzzy-model-based (FMB) control system is with imperfectly matched membership functions, which hinders the stability analysis. To relax the stability analysis for this class of IT2 FMB control systems, the information of footprint of uncertainties and the lower and upper membership functions are taken into account for the stability analysis. Based on the Lyapunov stability theory, some stability conditions in terms of linear matrix inequalities are obtained to determine the system stability and achieve the control design. Finally, simulation and experimental examples are provided to demonstrate the effectiveness and the merit of the proposed approach.
which provides a general modeling framework for nonlinear systems. The system dynamics of the nonlinear systems can be represented as an average weighted sum of some local linear subsystems, where the weightings are characterized by the type-1 membership functions.
Lyapunov stability theory is the most popular method to investigate the stability of type-1 fuzzy-model-based (FMB) control systems. Basic stability conditions in terms of linear matrix inequalities (LMIs) [14] were achieved in [15] and [16] . The FMB control system is guaranteed to be asymptotically stable if there exists a common solution to a set of Lyapunov inequalities in terms of LMIs. With the proposed parallel distributed compensation (PDC) design concept, some stability conditions were relaxed in [16] . More relaxed stability conditions under PDC can be found in [17] [18] [19] . With the consideration of the information of type-1 membership functions, stability conditions can be further relaxed [20] [21] [22] . Also, the fuzzy control concept was extended to other stability/control problems such as output feedback control [23] , sampled-data control [26] , control systems with time delay [8] , [24] , [25] , tracking control [27] , large-scale fuzzy systems [28] , and even fuzzy neural networks [29] .
Type-1 fuzzy sets are able to effectively capture the system nonlinearities but not the uncertainties. It has been shown in the literature that type-2 fuzzy sets [30] , which extend the capability of type-1 fuzzy sets, are good in representing and capturing uncertainties, supported by a number of applications such as adaptive filtering [31] , analog module implementation and design [32] , [33] , active suspension systems [34] , autonomous mobiles [35] , electrohydraulic servo systems [36] , extended Kalman filters [37] , dc-dc power converters [38] , nonlinear control [39] , [40] , noise reduction [41] , video streaming [42] , and inverted pendulum control [43] . However, type-2 fuzzy set theory was developed for a general type-2 fuzzy logic system but not mainly for FMB control scheme. Consequently, there are few research studies about the type-2 FMB control systems in the literature. This motivates the investigation of the system stability and control design of type-2 FMB control systems.
Recently, some research has been done on system control and stability analysis based on the existing framework of type-2 fuzzy systems [39] , [44] [45] [46] [47] [48] . In [31] , a basic interval type-2 (IT2) T-S fuzzy model was proposed, which was extended to a more general IT2 T-S fuzzy model [39] for a wider class of nonlinear systems suitable for system analysis and control design. Preliminary stability analysis work on IT2 FMB system can be found in [39] and [48] of which a set of LMI-based 0278-0046 © 2013 IEEE stability conditions was obtained determining the system stability and facilitating the control synthesis.
In this paper, we investigate the stability of IT2 FMB control systems under imperfect premise matching. Unlike the authors' work in [39] under the PDC design concept, it was required that the IT2 fuzzy controller shares the same premise membership functions and the same number of rules as those of the IT2 T-S fuzzy model. These limitations constrain the design flexibility and increase the implementation complexity of the IT2 fuzzy controller. The work in this paper eliminates these limitations by proposing an IT2 fuzzy controller in which the membership functions and the number of rules can be freely chosen, enhancing the applicability of the IT2 FMB control scheme. By choosing simple membership functions and a smaller number of rules, it can reduce the implementation complexity of the IT2 fuzzy controller, resulting in a lower implementation cost. However, the IT2 FMB control systems will have imperfectly matched membership functions, potentially leading to more difficult stability analysis as the favorable property of the PDC design concept vanishes.
To carry out the stability analysis for IT2 FMB control system subject to imperfect premise membership functions, the lower and upper membership functions characterized by the footprint of uncertainty (FOU) are chosen to be a favorable representation. This favorable representation allows the lower and upper membership functions to be taken in the stability analysis. Consequently, the stability conditions in terms of LMIs are membership function dependent, which is applied to the nonlinear plant under consideration, but not a family considered in some existing work. The preliminary result of the authors in [48] provides technical support to the work in this paper. To further relax the stability conditions, the FOU is divided into a number of sub-FOUs. The information of the sub-FOUs, along with those of lower and upper membership functions, is brought to the stability analysis. Based on the Lyapunov stability theory, LMI-based stability conditions are obtained to guarantee the stability of the IT2 FMB control systems and synthesize the IT2 fuzzy controller.
The organization of this paper is as follows. In Section II, the IT2 T-S fuzzy model representing the nonlinear plant subject to parameter uncertainties, the IT2 fuzzy controller, and the IT2 FMB control systems are presented. In Section III, LMIbased stability conditions are obtained based on the Lyapunov stability theory for the IT2 FMB control systems. In Section IV, simulation and experimental examples are given to illustrate the merits of the proposed IT2 FMB control scheme. In Section V, a conclusion is drawn.
II. PRELIMINARIES
Considering a nonlinear plant subject to parameter uncertainties represented by an IT2 T-S fuzzy model [31] , [39] , an IT2 fuzzy controller is proposed to perform the control process. An IT2 FMB control system is formed by connecting the IT2 T-S fuzzy model and the IT2 fuzzy controller in a closed loop. In this paper, it is not required that both the IT2 T-S fuzzy model and the IT2 fuzzy controller share the same premise membership functions and the same number of rules.
A. IT2 T-S Fuzzy Model
A p-rule IT2 T-S fuzzy model [31] , [39] is employed to describe the dynamics of the nonlinear plant. The rule is of the following format where the antecedent contains IT2 fuzzy sets and the consequent is a linear dynamical system:
α is an IT2 fuzzy set of rule i corresponding to the function f α (x(t)), α = 1, 2, . . . , Ψ and i = 1, 2, . . . , p; Ψ is a positive integer; x(t) ∈ n is the system state vector; A i ∈ n×n and B i ∈ n×m are the known system and input matrices, respectively; and u(t) ∈ m is the input vector. The firing strength of the ith rule is of the following interval sets:
where
, and μM i α (f α (x(t))) denote the lower grade of membership, upper grade of membership, lower membership function, and upper membership function, respectively. The inferred IT2 T-S fuzzy model [39] is defined as follows:
wherẽ
in which α i (x(t)) and α i (x(t)) are nonlinear functions not necessarily be known but exist,w i (x(t)) can be regarded as the grades of membership of the embedded membership functions, and (8) defines the type reduction. Remark 1: It can be seen from (9) that the actual grades of membershipw i (x(t)) can be reconstructed and expressed as a linear combination of w i (x(t)) and w i (x(t)), characterized by the lower and upper membership functions μM i α (f α (x(t))) and μM i α (f α (x(t))), which are scaled by the nonlinear functions α i (x(t)) and α i (x(t)), respectively. In other words, any membership functions within the FOU [39] can be reconstructed by the lower and upper membership functions. As the nonlinear plant is subject to parameter uncertainties,w i (x(t)) will depend on the parameter uncertainties, thus leading to the values of α i (x(t)) and α i (x(t)) to be uncertain. It should be noted that the IT2 T-S fuzzy model (7) serves as a mathematical tool to facilitate the stability analysis and control synthesis and is not necessarily implemented.
B. IT2 Fuzzy Controller
An IT2 fuzzy controller with c rules of the following format is proposed to stabilize the nonlinear plant represented by the IT2 T-S fuzzy model (7): (13) whereÑ j β is an IT2 fuzzy set of rule j corresponding to the function g β (x(t)), β = 1, 2, . . . , Ω and j = 1, 2, . . . , c; Ω is a positive integer; and G j ∈ m×n , j = 1, 2, . . . , c, represents the constant feedback gains to be determined. The firing strength of the jth rule is the following interval sets:
, and μÑj β (g β (x(t))) stand for the lower grade of membership, upper grade of membership, lower membership function, and upper membership function, respectively. The inferred IT2 fuzzy controller is defined as follows:
in which β j (x(t)) and β j (x(t)) are predefined functions, m j (x(t)) can be regarded as the grades of membership of the embedded membership functions, and (19) is the type reduction.
Remark 2: Compared with the IT2 fuzzy controller in [39] , the proposed one in (18) has the following two enhancements.
1) The type reduction for the IT2 fuzzy controller in [39] is characterized by the average normalized membership grades of the lower and upper membership functions, e.g., β j (x(t)) = β j (x(t)) = 0.5 for all j. In this paper, the type reduction of the proposed IT2 fuzzy controller (18) is characterized by two predefined functions β j (x(t)) and
2) The proposed IT2 fuzzy controller (18) does not need to share the same lower and upper premise membership functions and the same number of fuzzy rules as those of the IT2 T-S fuzzy model (7). These two enhancements offer a higher design flexibility to the IT2 fuzzy controller. Moreover, by employing simple membership functions and a smaller number of fuzzy rules, the implementation complexity of the IT2 fuzzy controller (18) can be reduced.
C. IT2 FMB Control Systems
From (7) and (18), with the property of
we have the following IT2 FMB control system:
The control objective of this paper is to guarantee the system stability by determining the feedback gains G j , such that the IT2 fuzzy controller (18) is able to drive the system states to the origin, i.e., x(t) → 0, as time t → ∞.
Basic LMI-based stability conditions guaranteeing the stability of the FMB control system in the form of (24) are given in the following theorem.
Theorem 1 [15] : The FMB control system in the form of (24) is guaranteed to be asymptotically stable if there exist matrices N j ∈ m×n , j = 1, 2, . . . , c, and X = X T ∈ n×n such that the following LMIs are satisfied:
where the feedback gains are defined as To facilitate the stability analysis of the IT2 FMB control system (24), the state space of interest denoted as Φ is divided into q connected substate spaces denoted as Φ k , k = 1, 2, . . . , q, such that Φ = q k=1 Φ k . Furthermore, to consider more information of the IT2 membership functions, local lower and upper membership functions within the FOU are introduced. Considering the FOU being divided into τ + 1 sub-FOUs, in the lth sub-FOU, l = 1, 2, . . . , τ + 1, the lower and upper membership functions are defined as follows:
where δ iji 1 i 2 ···i n kl and δ iji 1 i 2 ···i n kl are constant scalars to be determined; 0 ≤ v ri s kl (x r (t)) ≤ 1 and v r1kl (x r (t)) + v r2kl (x r (t)) = 1 for r, s = 1, 2, . . . , n; l = 1, 2, . . . , τ + 1; i r = 1, 2; x(t) ∈ Φ k ; and v ri s k (x r (t)) = 0 if otherwise. As a result, we have q k=1
n r=1 v ri r kl (x r (t)) = 1 for all l, which is used in the stability analysis.
We then express the IT2 FMB control system (24) in the following favorable form:
) ≤ 1 has two functions, which are not necessary to be known, exhibiting the property that γ ijl (x(t)) + γ ijl (x(t)) = 1 for all i, j, and l. ξ ijl (x(t)) = 1 if the membership function h ijl (x(t)) is within the sub-FOU l; otherwise, ξ ijl (x(t)) = 0. Remark 4: It should be noted that only one ξ ijl (x(t)) = 1 among the τ + 1 sub-FOUs at any time instant and the rest equal zero for the ijth membership functionh ij (x(t)). It can be seen from (30) that, the more the sub-FOUs are considered, the more the information about the FOU is contained in the local lower and upper membership functions.
Remark 5: The local lower and upper membership functions can reconstructh ij (x(t)) ≡w i (x(t))m j (x(t)) by representing it as a linear combination of h ijl (x(t)) and h ijl (x(t)) in sub-FOU l as shown in (30) .
Remark 6: The IT2 FMB control system in (24) is a subset of (29) . Comparing both the IT2 FMB control systems, the one in (29) demonstrates some favorable properties to facilitate the stability analysis.
1) The partial information of h ijl (x(t)) and h ijl (x(t))
is extracted and represented by the constant scalars δ iji 1 i 2 ···i n kl and δ iji 1 i 2 ···i n kl , which are brought to the stability conditions. 2) Referring to (25) and (26), the cross-terms n r=1 v ri r kl (x r (t)) are independent of i and j and, thus, can be collected in the stability analysis.
3) With the nonlinear functions γ ijl (x(t)) and γ ijl (x(t)), h ijl (x(t)) can be reconstructed as shown in (30) as a linear combination of h ijl (x(t)) and h ijl (x(t)). Furthermore, with (25) and (26) , the values of h ijl (x(t)) and h ijl (x(t)) are determined by the constant scalars δ iji 1 i 2 ···i n kl and δ iji 1 i 2 ···i n kl through n r=1 v ri r kl (x r (t)). As a result, the stability of the IT2 FMB control system can be determined by h ijl (x(t)) and h ijl (x(t)) (the local lower and upper bounds ofh ij (x(t))) characterized by the constant scalars δ iji 1 i 2 ···i n kl and δ iji 1 i 2 ···i n kl . These properties can be seen in the stability analysis carried out in the next section.
III. STABILITY ANALYSIS
The stability of the IT2 FMB control system (24) is investigated based on the Lyapunov stability theory with the consideration of the information of the lower and upper membership functions and sub-FOUs. For brevity, in the following analysis, the time t associated with the variables is dropped for the situation without ambiguity, e.g., x(t) is denoted as x. The variables
. . , v ni n kl , and ξ ijl , respectively. Furthermore, the property of
The stability analysis result is summarized in the following theorem to guarantee the asymptotic stability of the IT2 FMB control system (24) and facilitate the control synthesis. 1, 2, . . . , c; and l = 1, 2, . . . , τ + 1, such that the following LMIs are satisfied: (34) can be satisfied. As a result, recalling that δ iji 1 
. . , i n , k, and l, which will be satisfied by a sufficiently small value of ε 2 . Consequently, the solution of the stability conditions in Theorem 1 is that of Theorem 2 but not the other way round.
IV. SIMULATION AND EXPERIMENTAL EXAMPLES
Simulation and experimental examples are given in this section to demonstrate the effectiveness and the merit of the proposed IT2 FMB control approach.
Example 1: A three-rule IT2 T-S fuzzy model in the form of (7) 
T , and a and b being constant system parameters. The IT2 membership functions are chosen to bew 1 (
. It should be noted that the IT2 membership functions will lead to uncertain grades of membership because of the parameter uncertainty σ(t) ∈ [−0.1, 0.1]. As a result, the existing type-1 stability analysis for FMB control system under the PDC design concept cannot be applied.
The lower and upper membership functions for the IT2 T-S fuzzy model are chosen to be w 1 (x 1 ) = μM 1 1 (x 1 ). From (19), we havẽ
, where β j and β j are chosen to be constants and d 2 is a constant to be determined.
In this example, we consider τ = 0, which means that no sub-FOUs are considered. For simplicity, the subscript l is dropped for all variables. To determine the (local) lower and upper membership functions h ij (x 1 ) and h ij (x 1 ), we consider x 1 ∈ [−10, 10] and divide the state space of x 1 into 20 equal-size regions (which is arbitrarily chosen for demonstration purposes), i.e., φ k : 20 , where x 1,k = (k − 11) and x 1,k = (k − 10). The lower and upper membership functions h ij (x 1 ) and h ij (x 1 ) are defined by choosing v 11k (
, and the constant scalars are defined as
It should be noted that, by employing the same lower and upper membership functions h ij (x 1 ) and h ij (x 1 ), any β j and β j in the fuzzy controller will make no difference in the stability analysis result except the implementation of the IT2 fuzzy controller. However, by employing different values of β j and β j , the IT2 fuzzy controller defined in (18) will affect the FOU ofh ij ≡w i (x 1 )m j (x 1 ). As a result, different h ij (x 1 ) and h ij (x 1 ) fitting better the FOU can be employed for different cases. In this example, the introduction of d 1 and d 2 to the membership functions is for the purpose of obtaining fitter h ij (x 1 ) and h ij (x 1 ) for different values of β j and β j .
The stability of the IT2 FMB control system subject to different values of a and b is checked by the LMI-based stability conditions in Theorem 2 (l = 1) with the help of the Matlab LMI toolbox. Three cases shown in Table I are chosen such thath ij (x 1 ) in the form of (30) is within the lower and upper membership functions defined in (25) and (26), respectively. We consider 10 ≤ a ≤ 20 at the interval of one and 3 ≤ b ≤ 8 at the interval of 0.5 for each of the three cases. The stability regions corresponding to Cases 1-3 indicated by "×," " ," and "•," respectively, are shown in Fig. 1 For comparison purposes, Theorem 1 is employed to check the stability of the IT2 FMB control system. However, there is no feasible solution by using the Matlab LMI toolbox. It should be noted that the IT2 FMB control system is under imperfect premise matching and the stability conditions in [39] for perfect premise matching cannot be applied in this example. In order to apply the stability conditions in [39] , we consider that the IT2 fuzzy controller shares the same lower and upper membership functions as those of the IT2 T-S fuzzy model. However, there is still no feasible solution for this example.
Example 2: The simulation results of the system responses for the IT2 FMB control system given in the previous example were performed for the verification of the stability analysis result. The IT2 T-S fuzzy model is given asẋ = x 1 )m j (x 1 )(A i x + B i G j ) x, which can be represented in the form of (29) . The membership func- Table I. tions are defined in the previous example. In this example, we consider that the grades of membership are capped such
, and m j (x 1 ) =m j (10), j = 1, 2, for x 1 ≥ 10 in order to apply the stability analysis result obtained in the previous example for x 1 ∈ [−10, 10]. Referring to Fig. 1 , we pick arbitrarily a number of points corresponding to the parameter values of β j , β j , d 1 , and d 2 as shown in Table I . We consider the system parameters a = 14 and b = 3 for the parameters of Case 1 in Table I Example 3: In this example, we investigate the effect of using the information of sub-FOUs to the size of the stability region through a computer simulation. Consider the same IT2 T-S fuzzy model and IT2 fuzzy controller as those in Example 1. The LMI-based stability conditions are employed Table I . Table I. to check the stability of the IT2 FMB control system with the system parameters 10 ≤ a ≤ 20 at the interval of one and 14 ≤ b ≤ 50 at the interval of two (a larger parameter range is considered compared with Example 1). Three scenarios, with different numbers of sub-FOUs from two to four, are considered and shown in Tables III-V . For each scenario, we consider the parameter values of β j , β j , d 1 , and d 2 as shown in Table I . As a result, we have nine combinations in total. The lower and upper membership functions h ij (x 1 ) and h ij (x 1 ) are defined in Example 1. According to Tables III-V, the local lower and upper membership functions h ijl (x 1 ) and h ijl (x 1 ) for sub-FOU l, l = 1, 2, . . . , τ + 1, can be defined.
With the Matlab LMI toolbox and the LMI-based stability conditions in Theorem 2, the stability regions for different scenarios and cases are shown in Figs. 5-7 . Referring to these figures, it can be seen that different values of β j , β j , d 1 , and Fig. 7 (3 
It is because more information is considered by the stability conditions in Theorem 2 through the local lower and upper membership functions h ijl (x 1 ) and h ijl (x 1 ). Comparing the stability regions in Figs. 5-7, it can be observed that Scenario 3 produces a larger stability region than Scenario 2 while Scenario 2 produces a larger stability region than Scenario 1 as more information is utilized when more subFOUs are considered. Table III) given by the stability conditions in Theorem 2 for (×) Case 1 (7 points), ( ) Case 2 (16 points), and (•) Case 3 (41 points) in Example 3. 
Example 4:
In this example, we consider an inverted pendulum, as shown in Fig. 8 , subject to parameter uncertainties [39] as the nonlinear plant to be controlled. The dynamic equation for the inverted pendulum is given bÿ
where θ(t) is the angular displacement of the pendulum, g = 9. A four-rule IT2 T-S fuzzy model in the form of (7) is employed to describe the inverted pendulum subject to parameter uncertainties with
18.4800, f 2 min = −0.1765, and f 2 max = −0.0261. The lower and upper membership functions are defined in Table VI. A two-rule IT2 fuzzy controller is employed to stabilize the inverted pendulum with the lower and upper membership functions chosen as m 1 (
, and β k = β k = 1/2. In this example, we consider only one sub-FOU, i.e., τ = 0. For simplicity, the subscript l is dropped for all variables. The number of equal-size regions for x 1 is arbitrarily chosen to be 500. The lower and upper membership functions h ij (x 1 ) and h ij (x 1 ) are defined by choosing v 11k ( Fig. 9 , which shows that the inverted pendulum can be stabilized subject to different values of m p and M c and different initial conditions. For comparison purposes, considering the simulation result in [39] , it can be seen that the IT2 fuzzy controller can also stabilize the inverted pendulum. However, the number of rules of the IT2 fuzzy controller is required to be four because of the PDC design concept. In this example, the IT2 T-S fuzzy model and fuzzy controller do not share the same premise membership functions and the same number of rules. Consequently, the stability conditions proposed in [39] cannot be applied in this example. Furthermore, because the number of rules is two and simpler membership functions are used, the implementation complexity of the IT2 fuzzy controller is reduced.
Example 5: An experiment was done to verify the analysis result. A bolt-tightening tool (DSM BL 57/140 MDW), which is shown in Fig. 10 , is considered as the plant. In real operation, the bolt-tightening tool is mounted on a robot arm (Fanuc M6iB) for bolt tightening, as shown in Fig. 11 . An integrated encoder and a torque sensor are installed to provide the information of angular position (360
• per revolution) and torque, respectively. It accepts voltage in the range of −10 to 10 V as input. An IT2 fuzzy model is constructed to describe the system dynamics with the Matlab system identification toolbox. A local state-space model was obtained using the input-output data, which are the input voltage and the output angle position and angular velocity. Three local state-space models operating at output angles around −90
• , 0, and 90
• were obtained under no-load condition. IT2 fuzzy sets are employed to combine the three local state-space models to form an IT2 fuzzy model to facilitate the design of the IT2 fuzzy controller. The IT2 fuzzy model was obtained in the form of (7) 
, and β k = β k = 1/2. Similar to the previous example, we consider only one sub-FOU, i.e., τ = 0, and thus, the subscript l is dropped for all variables. The number of equal-size regions for x 1 is arbitrarily chosen to be 500. The lower and upper membership functions h ij (x 1 ) and h ij (x 1 ) are defined by choosing T are shown in Fig. 12 . The system states and control signals were sampled at 0.05 s and filtered by a tenth-order lower pass filter at the signal collection points. It can be seen from the figures that the IT2 fuzzy controller is able to stabilize the angle position, however, with a small steady error, which is due to the friction of the gearbox.
V. CONCLUSION
The stability of IT2 FMB control systems subject to parameter uncertainties has been investigated. Under the imperfect premise matching, the IT2 fuzzy controller can choose freely the premise membership functions and the number of rules different from those of the IT2 T-S fuzzy model, enhancing the design flexibility and reducing the implementation complexity. To facilitate the stability analysis, a favorable form of lower and upper membership functions has been proposed, and the information of sub-FOUs has been considered. The information of membership functions has been brought to the LMIbased stability conditions, resulting in a more relaxed stability analysis result. Simulation and experimental results have been given to illustrate the merit of the proposed approach. In future work, we will consider the problems of output-feedback control and sampled-data control for the nonlinear systems subject to parameter uncertainties in the frame of this paper.
APPENDIX PROOF OF THEOREM 2
We consider the following quadratic Lyapunov function candidate to investigate the stability of the IT2 FMB control systems (24) expressed in the form of (29):
where 0 < P = P T ∈ n×n . The main objective is to develop a condition guaranteeing that V > 0 andV < 0 for all x = 0. According to the Lyapunov stability theorem, by satisfying V > 0 andV < 0 for all x = 0, the IT2 FMB control system is guaranteed to be asymptotically stable, implying that x → 0 as time t → ∞.
Denote z = X −1 x and X = P −1 . Define the feedback gains G j = N j X −1 , where N j ∈ m×n , j = 1, 2, . . . , c, represents the matrices to be determined. From (29) and (37), we havė
where Q ij = A i X + XA 
